We propose a multi-messenger probe of the natural parameter space of QCD axion dark matter based on observations of black hole-neutron star binary inspirals. It is suggested that a dense dark matter spike may grow around intermediate mass black holes. The presence of such a spike produces two unique effects: a distinct phase shift in the gravitational wave strain during the inspiraling period and an enhancement of the radio emission due to the resonant axion-photon conversion occurring in the neutron star magnetosphere. Remarkably, the observation of the gravitational wave signal can be used to infer the dark matter density and, consequently, to predict the radio emission. We study the projected sensitivity to the axion-photon coupling in the light of the LISA interferometer and next-generation radio telescopes such as the Square Kilometre Array. Given a sufficiently nearby detection, such observations will explore the QCD axion in the mass range 10 −7 eV to 10 −5 eV.
Introduction -The particle nature of Dark Matter (DM) remains a mystery to physicists [1, 2] despite numerous experimental efforts to observe its effects in lab-based experiments and indirectly through astrophysical observations [3] [4] [5] [6] . Another fundamental indication of New Physics comes from the strong CP problem of quantum chromodynamics (QCD) [7] . CP violation in the QCD sector could generically be large but instead appears to be fine-tuned below observable limits. The most popular solution to this issue is the Peccei-Quinn mechanism, which predicts the existence of the axion [8] [9] [10] [11] . Axion-like particles are also predicted in several extensions of the Standard Model and they are expected to appear in string theory [12] . However, only in the case of the QCD axion is there a tight relation between its mass and its couplings with ordinary matter [13] [14] [15] [16] [17] .
These two fundamental issues can be addressed simultaneously by treating the QCD axion as a DM candidate [18] . The DM axion may be produced with the correct relic abundance through the misalignment mechanism [19] (though see e.g. Refs. [20, 21] for alternatives). So far, only a small part of the axion parameter space has been explored [22, 23] . However, new experimental techniques to search for axions have been recently proposed [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] (see Ref. [34] for a comprehensive review). Furthermore, it has recently been noted that the Primakov effect can efficiently convert axions to photons in the magnetic fields of Neutron Stars (NSs). These photons are potentially observable with current and future radio telescopes, provided the axion-photon coupling strength is large enough [35, 36] .
The recent discovery of Gravitational Waves (GWs) has provided a new observational portal into extreme as- * t. trophysical environments [37] . The detection of the binary NS merger GW170817 and follow up electromagnetic counterparts further revolutionised astrophysics and truly defined the beginning of the multi-messenger era [38, 39] . GWs have recently been shown to also provide a new probe of beyond the standard model (BSM) physics through a process known as superradiance [40, 41] . References [42, 43] have shown that the presence of a DM mini-spike around an intermediate mass black hole (IMBH) can dramatically affect the GW waveform through dynamical friction, providing yet another direct probe of BSM physics.
In this Letter, we explore the possibility of probing the natural range of QCD axion DM parameters with multimessenger astronomy. To make this possible we utilise the combined signal of GWs and radio emission from a NS inspiraling towards an IMBH surrounded by a dense
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spike of axion DM. This idea is sketched in Fig. 1 . We show that by measuring the spike profile from the GW signal using LISA [44] (the planned space-based GW observatory) we can predict the evolution of the radio signal during the inspiral phase. Most importantly, the increased density due to the mini-spike amplifies the signal dramatically, allowing one to probe the axion coupling to photons for the most commonly used QCD axion models [13] [14] [15] [16] . We start by describing the astrophysical system and possible formation mechanisms. Next we discuss the GW signal and radio emission followed by the instrumental sensitivities of LISA and the Square Kilometre Array (SKA) [45] . Finally, we present projected constraints on the DM density profile (Fig. 2 ) and sensitivities to the axion couplings ( Fig. 3 ) before discussing caveats, including the likelihood of observing such an astrophysical setup.
Astrophysical System -IMBHs are a class of BHs with masses M BH = 10 2 − 10 5 M . Thought to reside in the centres of smaller spiral galaxies, as well as in dense stellar environments such as globular clusters [46] , a growing number of observations point toward the existence of IMBHs in nature [47] [48] [49] [50] . In addition, there are multiple plausible formation mechanisms, such as runaway growth through the mergers of stellar mass objects [51] [52] [53] or by the direct collapse of gas clouds at high redshift [54, 55] .
These IMBHs may exist in DM halos [56] [57] [58] [59] . It has been shown that for collisionless DM particles, a BH residing in the centre of the halo will go through adiabatic growth [60] . The DM is then expected to form a dense spike whose density profile ρ DM (r) is a power law with index α given by [60] [61] [62] [63] :
The NFW parameters ρ s and r s [64] are related to the cosmological history and mass of the halo, for which we follow the same prescription as in Ref. [43] , assuming a formation redshift of z f = 20 and a total halo mass of 10 6 M . The radius of the inner-most stable circular orbit (ISCO) is denoted as r ISCO . To solve for the spike parameters we use the empirical definition r sp ∼ 0.2 r h and the gravitational influence of the central IMBH given by M (< r h ) = 4π [43] . The spike profile can vary depending on the initial DM profile. For an initially NFW-like profile, α = 7/3, which we take as our baseline scenario. For the spike to be preserved, the BH must not have gone through any mergers in its recent past, nor have a dense and highly energetic accretion disk [65, 66] . Globular cluster IMBHs therefore represent the most likely location for this system [67, 68] .
In addition to the IMBH with surrounding DM halo, we consider an inspiraling NS (on a circular orbit, for concreteness). NSs can have extremely high magnetic fields, allowing for efficient axion-photon conversion close to the NS surface. NSs are readily formed in globular clusters and are therefore plausible candidates for mergers with IMBHs. We refer to the total system as IMBH-DM-NS.
Reference [56] argues that there are many IMBHs within our own galactic halo. For an IMBH-DM-NS system to form, the IMBH must capture a neutron star. This process is very uncertain, relying on tracing formation models from the early Universe to today [67, 69] . Reference [67] suggests that the detection rate density in LISA will be approximately R ∼ 3 − 10 Gpc −3 yr −1 . We therefore consider two scenarios, one in which the IMBH-DM-NS system is close, at 0.01 Gpc, and one in which the system is further away, at 1 Gpc. The former is an optimistic scenario in terms of the strength of the radio signal, whereas many more of these farther systems are likely to be observed over a ten year observing period 1 . Importantly, these events are dominated by IMBHs with masses 10 3 − 10 4 M . For concreteness we consider an IMBH of 10 4 M since the additional gravitational potential of the BH preserves the structure of the spike for longer times [71] . We will discuss this assumption further below.
Finally, we must make some assumptions for the parameters of the inspiraling NS. NS populations in globular clusters are thought to be much older than those of normal pulsars found in galactic disks. These populations are also uncertain, though it is thought that most NSs are formed from electron-capture supernova processes due to their minimal kick velocities [35, 68] . We therefore take the magnetic field strength and spin period as 10 12 G and 10 s respectively [36, 68] . Note that similar NSs have been found in observed globular clusters [72] [73] [74] [75] [76] . Moreover, we also assume M NS = 1.4 M and r NS = 10 km as benchmark values for the mass and the radius of the NS.
Multi-Messenger Signals -There are two messengers for the system, a distinct phase shift in the gravitational wave strain and radio emission from axion-photon conversion in the plasma of the NS. Both signals increase as the NS approaches the IMBH, where a higher DM density is expected. The GW signal can be used to infer the DM density around the IMBH, so making a prediction for the axion radio emission.
Both signatures rely on the assumption that the DM can be treated as a particle, rather than a wave, therefore limiting us to axion masses m a > 10 −7 eV. The corresponding Compton wavelength is 0.01 km, significantly smaller than the size of the NS. We therefore assume the spike acts as cold dark matter. We also require that the axion-photon conversion occurs exterior to the NS, setting an upper limit of m a < 1.4 × 10 −5 eV. We now discuss each signal in turn.
The dominant effect to cause a deviation from the vacuum inspiral signal is the gravitational interaction between the halo of DM particles and the NS passing through it, known as dynamical friction (DF) [77] [78] [79] . Dynamical friction exerts a drag force on the NS:
where G N is the gravitational constant, v NS is the velocity of the NS, and we take ln Λ ∼ 3 for the Coulomb logarithm. This force causes a loss of orbital energy from the NS, changing the accumulated phase of the GW signal and eventually reducing the inspiral time before merger with respect to the vacuum waveform. We see from Eq. (2) that this force grows as the NS inspirals 2 , although so too does the radiation reaction force due to the emission of GWs.
In the Newtonian regime, the Fourier domain waveform of the IMBH-DM-NS system is computed by solving the energy balance equations, taking into account the effect of both DF and GW emission on the orbital energy of the system [43] . The resulting phase difference with respect to the vacuum inspiral signal depends both on the chirp mass
and on the individual masses M BH and M NS . Note that higher order post-Newtonian affects on the inspiral will be important in breaking the degeneracy of the individual masses of the objects with the chirp mass. We assume a 5-year observation with LISA, beginning at a GW frequency of 0.04 Hz and ending with a GW frequency of 0.44 Hz at the ISCO. This observation is then used to constrain the DM density at different radii from the central IMBH, corresponding to different times during the inspiral.
The radio signal is due to resonant axion-photon conversion occurring when the plasma frequency matches the axion mass, ω p = m a /2π. The relevant interaction term in the Lagrangian is given by
where a is the axion field, g aγγ is the axion-photon coupling and F µν is the electromagnetic field strength tensor. Following Ref. [36] we use the Goldreich and Julian model for the NS plasma [80] . Using the WKB and stationary phase approximations, the radiated power is given by,
where r c is the radius at which conversion happens, v c is the DM velocity at the conversion radius, ρ DM (r c ) is the DM density at the conversion radius, and p aγ is the energy transfer function. The energy transfer function is given by,
where B(r c ) ∼ (r NS /r c ) 3 is the magnetic field strength at the conversion radius, and L conv = 2πr c v c /3m a is the length of the region over which conversion takes place. For the sake of simplicity, we consider the benchmark case of an aligned NS viewed at an angle of π/2 with respect to the NS rotation axis. In this case, we have r c = 5.8 × 10 −3 (1 eV/m a ) 2/3 km. A systematic study of the signal as a function of the angular configuration and time is in preparation [81] .
We use Eddington's inversion formula to calculate the six-dimensional phase-space distribution function of the DM in the BH frame (see e.g. [82, 83] ), assuming that the DM distribution is isotropic and spherically symmetric. This distribution f (E) then depends on the relative energy E = Ψ(r) − 1 2 v 2 and the relative gravitational potential Ψ = Φ 0 − Φ. For radii r 10 −8 pc (the point at which the GW signal would become observable) the mass enclosed is dominated by the BH mass and we therefore neglect the contribution of the mini-spike to the relative potential: Ψ = Ψ BH = G N M BH /r. In this case, we find f (E) ∝ E α−3/2 (for E > 0). Nearby DM particles are accelerated under gravity as they infall toward the NS. Particles with initial velocity v reach a velocity √ v 2 + 2Ψ NS at the conversion radius, where the NS potential is Ψ NS = G N M NS /r c . By applying Liouville's theorem [84] , we find the DM density at the conversion radius to be,
where v min = √ 2Ψ NS and v max = 2 (Ψ BH + Ψ NS ). We assume that the amplitude of the radiated power is dominated by the peak of the velocity distribution 3 :
Finally, the flux density of the radio signal is given by
where d is the distance of the system from us and B is the bandwidth of the signal that is computed by calculating the 90% containment region of the DM velocity distribution far from the NS.
Results -We first show in Fig. 2 how the density of the DM halo can be reconstructed as a function of the radius from the IMBH. To calculate the error we take ten log-spaced radial bins (equivalently ten frequency bins) and integrate the noise weighted inner product between the associated lower and upper frequencies, f respectively. This allows us to calculate the Fisher information and thus the error on α:
where S n (f ) is the LISA noise spectral density taken from Ref. [43] . We neglect additional errors from the correlation between different parameters; Ref. [43] showed that for α they are relatively small. In addition, we assume that the masses of the two objects can be measured in addition to the chirp mass, M c , when higher order effects are taken into account close to merger. This breaks the degeneracy between the normalisation and the slope of the density profile. Note that any additional errors from the determination of the individual masses are not included here. A more detailed calculation of these errors is left to future work. Figure 2 shows the 1σ uncertainty on the density reconstruction for our benchmark slope of α = 7/3. At radii larger than r 6 × 10 −9 pc, the DM density can be constrained to better than 10%, but as the separation of the binary decreases the uncertainty on the DM density increases. This is due to three effects; firstly, the gravitational interaction of the objects becomes greater closer to merger, leading GW emission (and not DF) to dominate the phase evolution of the waveform. Secondly, the number of cycles spent at a given radius is not evenly distributed, as can be seen by the upper y-axis of Fig. 2 which indicates the time to merger. Finally, the LISA sensitivity decreases at higher frequencies, weakening the constraining power at small r. The phase evolution of the waveform is therefore very sensitive to the DM dynamical friction (and therefore the DM density) predominantly when the radial separation r is large. Such constraints on the density can then be fed directly into the EM signal calculation, predicting the expected radio emission.
In Fig. 3 , we show the projected sensitivity curves of the future SKA telescope to the axion parameter space for two different distances d of the IMBH-DM-NS system and two different radii r during the inspiral. They have been obtained by considering the minimum detectable flux density which provides a signal-to-noise ratio (SNR) equal to one. In particular, for a radio telescope,
where n pol = 2 is the number of polarizations, ∆t obs is the observation time and SEFD = 0.098 is the SKA system-equivalent flux density [35] . By inverting this relation, we obtain the minimum axion-photon coupling probed as a function of the axion mass. In particular, by neglecting the second term in the expression (7) for the velocity v c , one can show that roughly g
. In all cases, we consider an observation time of 100 hours. This is roughly the time spent by the system from the closest orbit we consider (r = 3 × 10 −9 pc) until the merger.
As can be seen in the plot, a crucial parameter is the distance of the IMBH-DM-NS system since the flux density depends on its inverse square. On the other hand, the sensitivity curves do not strongly depend on the relative distance r between the BH and the NS. Radio observations taken when r ∼ 3 × 10 −9 pc (solid lines) yield sensitivities to g aγγ which are roughly a factor of 2 greater than for r ∼ 6 × 10 −9 pc (dashed lines). In Fig. 3 , we have fixed ρ DM to the fiducial density profile. However, as we saw in Fig. 2 , the DM density is likely to be more poorly constrained at smaller radii, making the radio sensitivity at large r substantially more robust (though not substantially weaker).
Discussion -With a sufficiently nearby detection of such a BH-NS system, it will be possible to probe the natural parameter space of the QCD axion. We find roughly a 0.05% probability of a detection closer than d = 0.01 Gpc over 10 years, using predicted LISA detection rates for such systems [67] (though these typically come with large uncertainties). Instead, out to d = 1 Gpc, we expect a few tens of detections per year. Here we have considered the observation of a single benchmark system, but detecting and studying a larger population of such systems would allow us to strengthen the projections we present here.
A joint GW+EM detection would be a striking confirmation of axion dark matter. Though in some scenar- Projected sensitivity to the axion-photon coupling from radio observations. Sensitivity curves of SKA telescope (100 hours of observation) to the axion-photon coupling as a function of the axion mass for two different inspiral orbits, r = 6 × 10 −9 pc (dashed) and r = 3 × 10 −9 pc (solid), and two different IMBH-DM-NS system locations, d = 0.01 Gpc (dark red) and d = 1.00 Gpc (light red). Here, we assume α = 7/3 for the slope of the DM spike. The predicted range of parameters for the QCD axion are represented by the blue band, while the vertical gray bands show the current and future ADMX limits [22, 23] .
ios the dense DM spike would not be preserved [65, 66] , GW observations can be used to confirm (or disfavor) the presence of a spike in a given system, as demonstrated in Fig. 2 . The better estimation of the DM density at larger separations should reduce the uncertainties on the expected radio signal. Finally, we stress that one can take advantage of a greater observation time to probe smaller axion-photon couplings.
We have checked that the mini-spike should survive the merger itself; the work done by dynamical friction during the five year inspiral is only a few percent of the total gravitational binding energy of the halo. A more detailed study of feedback on the DM halo in different systems is in preparation [71] . We have also verified that the plasma remains bound to the NS; even down to the innermost orbit, the forces from the NS magnetosphere dominate over the gravitational force from the BH by many orders of magnitude. Thus, despite the violent environment, both signatures from GW and EM emission should be preserved.
Finally, we note that above around m a ∼ 10 −6 eV, these broadband sensitivities would be complementary to current and proposed axion haloscope experiments [22] [23] [24] [25] [26] [27] (some of which are plotted in Fig. 3 ). These are sensitive to the density of DM local to Earth, which carries its own uncertainties [85] . Such uncertainties on the DM density can be mitigated in our scenario by combining information from GW and radio emission. Multi-messenger observations of Black Hole -Dark Matter -Neutron Star systems therefore have the potential to explore the natural parameter space of the QCD axion for masses between 10 −7 eV and 10 −5 eV.
